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Y, C, I: per capita variables
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See Plosser [1989], Journal of Economic Perspectives, for an 
enthusiastic presentation! 

Many macroeconomists viewed business cycles as dead at the 
begining of the 70’s: long expansion in the previous decade
The recession and the stagflation during the seventies The recession and the stagflation during the seventies 
challenged this view

Lucas critique



RBC approach



The stochastic optimal growth model is a natural 
framework for the understanding of BC
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� X = Deterministic component of  productivity, to capture the 
trend in output per capita: labor augmenting technical progress

� A = Stochastic component, to capture any transitory changes 
in factor productivity
� Assumed to follow a stationary process (more details later 
on)
� Production Function F : traditionnal regularity conditions: 
twice continuously differentiable, concave and homogeneous  
of degree one 
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Monentary utility u : twice continuouly diffentiable, concave. 
Households like smooth consumption and leisure: in the case of 
transitory income shocks they will reallocate income across time: 
(dis)saving



� The utility function u must be consistent to a balanced growth 
rate.

� Labor-augmenting technical progress makes the balanced steady 
state path feasible, but it remains to make it desirable.state path feasible, but it remains to make it desirable.

� Average consumption must grow at the constant rate given by 
the technical progress and  average hours must be constant, 
whereas wages grow at the rate of the technical progress and the 
interest rate is constant.

� See Appendix of King and Rebelo and  King, Plosser and Rebelo  
in JME (1988)
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Abstract from other ressources (land for instance since it 
represents a small fraction of  production factors in our modern 
economies)
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The capital stock is  the pre-determined endogenous variable.The capital stock is  the pre-determined endogenous variable.

+ terminal condition saying that the value of the capital stock 
must be non negative at the end (infinity!)
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� It is convenient to eliminate the steady state growth by 
detrending variables  by the technical progress X. Let  us 
denote these ratios by lower case letters: for example y=Y/X

� Slight modification of the initial economy: discount factor + 
capital accumulation equation. 
� This is why most RBC models generally omit  deterministic 
growth but have preferences consistent with balanced growth
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canonical RBC model: as if a benevolent planner maximized 
the welfare of the representative agent:



H�=���9���.��&�������&������
������	�����.��
��

� Deterministic model: the solution is a sequence of 
consumption, labor supply and capital accumulation

� This solution can be made at time zero, since no relevant 
information is revealed later on. 

� Stochastic model: random shocks are revealed over time and 
the solution is a set of contingency rules (decision rules or policy 
rules)

� These rules specify how much to consume and work at each 
point in time as a function of the state of the economy 
summarized by the stock of capital K and the productivity A.
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+                               terminal condition (transversality condition) 

� V(k,A) : the value function of the planner’s objective, ie the 
expected life-time utility conditionnal to  k and  A = the current 
flow of utility + the expected utility that results from starting 
tomorrow with k’ and A’ and proceeding from then on. 
� k’ is determined today. A’ will be known only tomorrow, so we 
have to compute the expected value tomorrow.
� The FOC can be computed forming a Lagrangean: 
(A7)=objective and (A8) = constraint

+                               terminal condition (transversality condition) 
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� Derivation with respect 
to c: 

� The optimal  N is given by:� The optimal  N is given by:

� The optimal k’ is given by:

� The marginal utility of  current consumption is equalized to the 
expected marginal value of  capital tomorrow.
� The marginal utility of leisure is equal to the marginal product of 
labor times the EMVK’.  
� The form of the value function is unknown. But                 can be 
computed by differentiating the Lagrangean with respect to k. 



The differentiation wrt k gives:

= 0 on the optimal 
path cf. FOCpath cf. FOC
Envelop theorem

Given that c, N and k’ are optimally chosen, there are zero net 
gains to change these values when considering a variation in k. 
Finally one gets:



Finally,  the marginal value of capital is solution to:

� It depends on the marginal product of capital net of 
depreciation times the  marginal value of one unit of capital 
tomorrow.  
� The marginal product is stochastic through A’: this is then the 
expected MPK + discounted 
� Iterating forward this equation implies that the marginal 
value of capital is equal to the expected factor of all  marginal 
products of capital 
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� Between t and t+1, the intertemporal marginal rate of 
substitution for consumption is then given by:

� This is the so-called  stochastic Euler (or Keynes-Ramsey) � This is the so-called  stochastic Euler (or Keynes-Ramsey) 
condition which relies the marginal rate of substitution between 
current and future consumptions to the marginal product of 
capital for a given discount factor. 
� It determines the consumption rate of growth: the rate of 
growth of consumption is positive when the value of the MPK 
overcomes the discount factor             the degree of 
intertemporal substitution depends on the intertemporal 
elasticity of substitution.



� From (A9) and (A10), it is straightforward to show that:

� The marginal rate of substitution between consumption and 
leisure depends on the marginal product of labor. 
� It is also possible to derive the intertemporal marginal rate of � It is also possible to derive the intertemporal marginal rate of 
substitution for leisure:

� The MPK relative to the discount factor  determines the 
intertemporal substitution of leisure.
� But  the MPL rate of growth plays now a crucial role:  the higher 
is MPL tomorrow relative to MPL today, the lower is leisure today:
� MPL tomorrow gives the units of hours which can be saved by 
the additional output gained by working and investing more today
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� Let us now consider a decentralized economy without 
financial assets, ie. where households accumulate the stock of 
physical capital. 
� Households consume, work and save (accumulate capital) 
according to the wage rate w and the rental rate of capital (R). 
� These prices are determined at the competitive equilibrium � These prices are determined at the competitive equilibrium 
and both depend on the state of the economy, A and k.
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Household dynamic problem:

At the individual level, it is important to distinguish individual 
state variable and aggregate ones.





� First condition: The present marginal utility of consumption is � First condition: The present marginal utility of consumption is 
equalized to the marginal value of one unit of capital

� Second condition : The  marginal rate of substitution between 
consumption and leisure is equal to the real wage. 

� Third condition: the marginal value of capital today is given by 
the interest factor minus the depreciation rate times the  marginal 
value of one unit of capital tomorrow (expected and discounted).  



The third and the first conditions determine together the so-
called  stochastic Euler (or Keynes-Ramsey) condition which 
relies the marginal rate of substitution between current and 
future consumptions to the rental rate:

It is also possible to show the intertemporal condition on leisure 
(cf. Lucas-Rapping effect):
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� Suppose a transitory increase in A. There will be an 
increase in demand for production factors. MPK and MPL 
have increased. W and R rise.

� The price of leisure wrt consumption increases: Ls    .

� As it is a transitory shock, the expected  growth rate of 
wages is decreasing: Ls   through a Lucas-Rapping effect.

� As the interest rate increases, the opportunity cost of 
present consumption and leisure increases: more saving and 
more working hours.

� As there is an transitory increase in income, smoothing 
consumption implies to save (invest) more today.



Key parameter: Intertemporal elasticity  of substitution.

It determines more especially the elasticity of working hours 
to productivity shocks.


